The single-particle aspects of nuclear fission theories are investigated. The liquid drop model is shown to be essentially equivalent to an independent particle model with the requirement that particles occupy the lowest orbits. The consequences of relaxing this requirement are pursued and are shown to be significant. A natural framework is provided in which the mass asymmetry of fission arises naturally. A report is given of the technical aspects and the quantitative results of a detailed model calculation. Some of the indicated conclusions are formulated as phenomenological rules. (1962).
The single-particle aspects of nuclear fission theories are investigated. The liquid drop model is shown to be essentially equivalent to an independent particle model with the requirement that particles occupy the lowest orbits. The consequences of relaxing this requirement are pursued and are shown to be significant. A natural framework is provided in which the mass asymmetry of fission arises naturally. A report is given of the technical aspects and the quantitative results of a detailed model calculation. Some of the indicated conclusions are formulated as phenomenological rules.
L INTRODUCTlOÑ~H E phenomenon of Gssion involves the dividing of ..the atomic nucleus into two (or more) parts, and was 6rst observed experimentally in the late thirties. '
The occurrence of such a division for the heavier elements is simply dictated by energy considerations. '
A large amount of energy may be released in the process, because of the smaller binding energy per nucleon for these nuclei.
The 'O. Hahn and F. Strassmann, Naturwiss. 27', 11 t, '1939); 27, 89 (1939) .
' It nevertheless was not realized fully until after the discovery of fission.
' G. Briet, Rev. Mod. Phys. 34, 766 (1962) .
properties related to structure and simple scattering processes of a given nucleus, the usual approximations involve a limitation of the number of particles considered and a truncation of the space of states which they are allowed to populate. This is based on the fact that such properties indeed depend only on the degrees of freedom of the last few so-called "active" nucleons. '
The bulk of the nucleus, the core, plays the role of an essentially inert, uninvolved observer. In the truncated space, the original Hamiltonian is modi6ed, serving as an effective" interaction. However, since the precise form of the transition 8;"t(Complete Problem)-+H, rr (Truncated Problem) is not clear, one may consider H,«as a starting point, and treat it through a set of primary parameters to be 6tted to the experiment. This, in fact, has been the underlying philosophy of the shell model, ' which has scored a great many successes in the 6eld of nuclear spectroscopy. The inherent calculational difhculties still present io the shell model, along with the discovery of rotational spectra, led to the development of the collective model of nuclei. In this model, it is impossible to distinguish between "active" and "passive" nucleons. Rather, all nucleons participate, in comparable measure, in the motion which the model describes. Hence the term collective. The reduction in the number of degrees of freedom comes about by altogether disposing of the individual degrees of freedom oF the nucleons, and replacing them by some variables which relate to the nucleus as a whole. The structure of the nucleus is determined by an over-all equilibrium shape (which is permanently deformed for rotational nuclei) and by small variations relative to it (giving rise to vibrational spectra). The relation betvreen the shell model and the collective model, the ways in which they complement each other, and through which they can be integrated into a united model, 4 This idea is a direct carryover from atomic physics. Mat. -Fys. Medd. 2V, No. 16 |', 1953 .
i025 have been the subject of thorough investigation in the past decade. One may safely say that, at present, we possess, through these two models, a fairly comprehensive and, to a large extent, quantitative understanding of low-energy nuclear structure and reactions.
Vet, both models are incapable of providing a meaningful framework for the treatment of fission. In fission, clearly, we are confronted with a radical rearrangement of a/3 the nucleons in the system, and hence the shell model (and in particular the spherical shell model) is inapplicable. As for the collective model, it treats basically saba/l variations in the nuclear shape, whereas the fission process clearly involves much larger and more elaborate variations. It is perhaps because of the inapplicability of the major nuclear models that the study of fission has become rather isolated from the rest of nuclear physics.
The first (and so far dominant) model to deal with fission is the liquid drop model (LDM) . ' From a historical, as well as conceptual, point of view, it preceded the collective model and paved the road for it.
Superficially, they are almost identical, inasmuch as the nucleus is described by some collective coordinates which pertain to its over-all shape. The nucleus is described as a drop of homogeneous, homogeneously charged, incompressible, nonviscous, sharply bounded liquid, which is subject to an irrotational, hydrodynamical Row. Of all these characterizations of the problem which one replaces the original Hamiltonian with, none is truly essential. The basic feature is that the instantaneous over all shape of -the nucleus ptays the role of dynanvic variable With th. e particular assumptions stated above, as well as with a much wider class of assumptions, the geometrical nuclear surface is in itself sufficient. The potential-energy part of the Hamiltonian is composed of an electrostatic and a nuclear interaction. The electrostatic term is simply and classically given by a double volume integral over the nuclear charge density d'r d'r (2) N ue1~i~2 VelsT he nuclear energy is itself a sum of two terms, one proportional to the volume and the other proportional to the surface of the nucleus; However, with the assumption of incompressibility of nuclear matter, the volume energy simply becomes an additive constant which contributes nothing to the dynamics of the system and can be altogether left out of the discussion. The origin of this form is in the Bethe-Weiszacker semiempirical mass formula, where these two terms represent an expansion of the binding energy in powers of A 't". It is quite clear that the extrapolation of this form into shapes which are grossly 7 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939) . distorted is fraught with serious dangers. Nevertheless, the liquid drop niodel (LDM), in its basic, simple form has been responsible for providing a great deal. of insight into the fission process. The static, and more recently dynamic, consequences of it were investigated in great detail by Wheeler and collaborators, ' and by Swiatecki and collaborators. ' In fact, in the last 15 years, many of the significant theoretical studies were either carried out or initiated by the latter. "
The role of the single particles in the nucleus, and their Fermi-Dirac nature, was a central question from the start in the understanding and the theory of fission.
The I.DM, inasmuch as it. is a microscopic analog of a macroscopic liquid, is basically a many-particle model, where the particles have a mean free path much smaller than the dimensions of the total system. This is in a rather sharp contradiction with our current general picture of nuclear structure, which maintains that nucleons have a long mean free path, reflecting the exclusion principle in nuclear matter. As a matter of fact, this very consideration has been critically discussed by Bohr and Wheeler, at the very inception of the LDM. More recent studies (including the present one) showed that this contradiction has a minor eRect, at most. It turns out, with a surprising degree of generality, that an extreme independent particle model (with simple assumptions) reproduces the LDM nuclear surface energy. Thus, it would seem, the I.DM may be used as it was originally conceived, although its motivational basis is altered. Experimentally there were various observations, " related in particular to the different fission characteristics of even and of odd nuclei as evidence for the singleparticle nature of nuclei undergoing fission. A quantitative analysis of the process based on a single particle approach was performed by Xilsson. " The Nilsson single-particle model" has enjoyed tremendous success in nuclear-structure theory, and is also applied to the theory of fission. In some respects the present work may be viewed as an extension of the former. In particular, the nuclear shapes discussed in the present work are more general in nature, and are more characteristic of the fission process. Before proceeding with the exposition of ideas, the presentation of results, and their analysis, we must make one point extremely clear. The present work does not constitute an independent, self-sufficient model of fission. Rather, it is an attempt to illuminate (quantitatively as well as qualitatively) various aspects and concepts in relation to other existing models. It is 8 D. I . Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953 Once the standard density is fixed (with proper allowance for surface diffuseness) all that remains to be done, is to specify the region in space to which the nucleus is confined. This can be done, as the LDM would do, by describing through the variables ($i,~, f ) the two-dimensional surface which forms the nuclear boundary.
An alternative method may be employed, which relates the new coordinates directly to the Hamiltonian H. The central argument is that the nucleus can be described as a system of irtdepeedertt particles, moving '4 J. A. %'heeler (unpublished work) . ' S. A. Moszkowski, Phys. Rev. 103, 1328 (1956 If we assume, as is customarily done, that the kinetic energy is a bilinear function of the form (13) then the problem reduces to the extraction of the "mass parameters" m;; which themselves may be functions of {&}.
In practice, the performance of the self-consistency program, using a realistic many-body Hamiltonian, is far too complicated. For two-body interactions which have a hard core, one runs immediately into divergences in the calculation of matrix elements between unmodified single-particle states. In fact, the construction of a one-body average field is impossible, and one must introduce strong many-particle correlations to counteract the hard-core effect. This very difhculty persists to some extent, even for interactions which have so-called "soft" or "soft-hard" cores. it is very short in the I,DM and very long in the IPM.
An individual nucleon -in a properly antisymmetrized framework -is described by a highly localized wave function in the LDM, as against a wave function extending over all the nuclear region in the IPM. If we were to construct a rigorous, complete description of the system, the choice of a basis of single-particle wave functions (localized versus extended) would not matter much. However, in an approximate theory, the choice of representation may matter a great deal.
We have indicated in anticipation that under certain a,ssumptions, the potential energy associated with any nuclear shape (specifically also the nuclear energy) is practically identical in both models. This does not mean that the predictions of both will be identical, since an essential portion of the dynamic informa, tion is inherent in the kinetic-energy operator (or in the mass parameters) which, given the potential, is yet to be determined. In this section we pursue a line of investigation which is indirectly related to this specific problem.
Let us consider a generalized, multidimensional space 8, each point s of which may be characterized by a set of generalized coordinates, such as the f$} discussed above. S is the modified configuration space in which the fissioning system is described. Each point s of it represents (in the .LDM) some nuclear shape. On the other hand, in the IPM each point characterizes an average instantaneous potential in which the . independent nucleons move. It is assumed that some basic assumptions about the nature of the motion, such as the incompressibility of nuclear matter, are already incorporated in this description. The first basic difference between the LDM and the IPM in this connection is that for the IPM we must be explicitly aware of the additional degrees of freedom which characterize the actual occupation of single-particle states in the potential of the generalized point s, V(s).
As we have stated already, forcing the nucleons to occupy the lowest orbits, brings about an almost perfect equivalence between the IPM and the LDM potential surfaces.
We may now divide S into two types of points s:
S'" which represents all simply connected shapes, and S"' which represents all divided shapes. In other words, shapes characteristic of prefission and of postfission configurations, respectively. If the ground state, or any initial nuclear state, is represented by a point s;, s;PS~'~, then the fission process is classically described by a path which asymptotically leads to some point sf, where sf& 5"'. To further the classical analog we now speci6cally consider such a path. Given any spatial shape described by a point s on this path, we draw an imaginary surface 0-dividing this shape into two subshapes. In a hydr odynamical flow, (such motion as would be described by a classical LDM) it is possible to trace the evolution of the surface 0. along the path the physical system is following. In particular, if the area of 0 vanishes in the Gssion limit, we would To work with these states we dehne the "localized overlap matrix" E as follows:
The eigenstates x of h (in this limit) have the form (xz"o) or (0, xa). Namely, they are completely localized in one of the separated regions, and they belong to the eigenvalues {ez, } and {ea~} of hz, z, and hRR, respectively. The only case where an eigenstate of h~, L&(h~a may be different from zero in both regions, is when some eigenvalue eL is accidentally equal to some eR&. In such a case any linear combination of (XL", 0) and (0, xa&) will be an eigenstate of h. The physical signi6cance of this localization is simple: It states that each of the nucleons of the mother nucleus will definitely find itself in one of the daughter nuclei. (33) where x"Lor x"aare the (identical') eth state in one or the other of the separate potentials. We implicitly assume that n refers to an energy ordering -which is identical in both halves of the potential -and completely speci6es the state. Ke now may associate with each n, an occupation number p"whose value would be 0, 1, or 2 depending on whether the nth level is 6lled in none, one, or both of the fragments. Alternatively, it tells whether none, or both of the pair of states x"&+&, x"~& are occupied. Each determinantal wave function is characterized by such a set of occupation numbers f p"}. Clearly, any I for which p"=2will correspond to a pair of particles, one of which is localized on the left and one on the right. Therefore, only the levels for which p, =i need be considered in the expansion of the form (30), to ca,lculate the Quctuation in the number of particles. Let X; be the number of levels with p=i, the relevant expansion surviving antisymmetrization is clearlỹ
,). (36)
Hence, the relative frequency of a Quctuation of dui around the mean is simply given by
Thus, the width of the number distribution is simply given by (-', X&)'". We may apply this result to some more specific cases of the idealized picture.
(i) As (The codes assigned to the shapes are arbitrary. ) For each of these shapes an asymmetry parameter may be added. Some of these appeared in the course of a dynamic calculation performed elsewhere. Column 6 gives the surface area of each of the equivolume shapes with the volume normalized so that the sphere has a surface area of 4.836. 
IV. CALCULATIONS OF MODEL
As the previous section indicated, the basic theoretical, as well as technical problem which we encounter, involves the finding of single-particle wave functions and eigenenergies in wells of arbitrary spatial shapes, of various energy dependence, and with various boundary conditions. This is generalizing and extending the Nilsson work, which essentially gave eigenvalues of an elliptically deformed harmonic oscillator. The first step that must be taken, is a truncation of the nuclear instantaneous shapes to be considered, over and above the limitation to axially symmetric shapes.
Clearly, highly irregular shapes can be excluded. In this paper we consider quantitatively shapes which can be described by a small number of parameters, and which have already been treated in previous studies. "
The nucleus is described by two spheres (overlapping "Thus we remove the restriction to second-order surfaces of some previous works. 3 ); h~is the thickness of the "neck at its centeral point; 0. is the asymmetry parameter which is introduced for any symmetric shape y(xl by modifying it to y(x) through the following prescription:
for @&0. that the over-a, ll rotational degrees of freedom have no direct bea, ring on the intrinsic single-particle fields. The initial spherical 'con6guration, and the final twosphere con6gurations provide suitable reference points for our discussion. In Fig. 4 shifted lower than those of higher m, relative to the sphere. This is a chara, cteristic of any prolate deforma, -tion, and is also apparent in the Xilsson level scheme. At the same time the density of states of each m varies in a similar manner, na, mely, the lower the m, the denser the states become.
Since we are dealing with a complicated four-parameter family of shapes, we have a certa, in degree of arbitrariness in selecting the results to be displayed.
In Fig. 7 , we show the variation of the independent particle field along a typical path leading to fission with strict reQection symmetry. We note the following features: (i) The lower m levels go down relatively to the higher m levels. (ii) There is a gradual approaching of corresponding levels of opposite E, symmetry. In the limit of two iden. tical spheres a complete regrouping of levels is carried out. While trend (i) is characteristic of the fission mode, trend (ii) is basically characteristic of the pinching mode (for a symmetric field). In Fig. 8, we show, for a particular shape, the typical dependence of the single-particle spectrum on the asymmetry parameter n. For clarity we show only a few states for each m, where we have also specified their asymptotic reQection symmetry. Figure 8 Note the increase in the number of eigenfunctions localized in one region, when the pinching is increased.
higher the ordinal quantum number, the more nodes does the wave function have, and the less likely it is to be influenced by asymmetrizing the shape. Also, the lower m is, the closer to the symmetry axis is the wave function centered, with the same general result. The consequences of this behavior, which are rather basic and general, is to generate a different behavior of the potential-energy surface depending on the level occupation, as we shall see in the second part of the section.
The essential feature which characterized the fission process from all other collective types of motion is the "pinching" mode, which describes the transition to two subsystems with no nuclear interaction between them. The effect on the single particles, is, as we have mentioned. before, to cause them to localize in one of the partial regions. In general, the information concerning the interaction between the two subpotentials is inherent in the overlap matrix as well as in the eigelienergies. A direct measure of the individual particle state localization is given by the diagonal element of that matrix, although this, as we saw, is not a definitive measure. Some characteristic distributions of these values, for the 200 lowermost states consistent with the magnetic quantum numbers of an initial spherical configuration, are shown in Figs. 9 and 10. In Fig. 9 FrG. 14. The total nuclear energy for three types of con6gura-tions: (i) (i) Derivative shell effects are much more dramatic th. Ml dlI cct shell cffccts foi shapes which possess a lesser degree of symmetry.
(ii) As the shape becomes more pinched, the direct shell effects become dominated by the corresponding effects in the substructures which are being formed. This feature has direct bearing on the validity of application of the cluster and statistical models.
(iii) The shell effects, although very pronounced in many cases, attain varying forms and occur at other nucleon numbers for diferent shapes. This is signihcant; it means that although these variations may be sometimes important, and certainly always interesting, wc may average them out, indeed, when we investigate characteristics of the system which arc independent of the number of particles. In other words, the many- More information which we may symbolically designate by x is necessary, which determines the occupation of single-particle orbits in the potential char- It seems intuitively apparent that in any time-dependent description of the system, it will not necessarily be confined to V(LDM; {$}). Now, although we cannot make any dynamic predictions based on the knowledge of all the surfaces V(ir, {t})(just as the LDM could not from merely inspecting V(LDM; {$}), it is nevertheless very instructive to be familiar with their general properties. Ke begin by noting that a dynamic rearrangement of particles which reproduces the LDM, involves the transition of particles from higher to lower orbits. In particular also, individual quantum numbers may have to be changed in the process. Therefore, we shall look specifically into a limiting case in which individual quantum numbers are not altered. Since we are exploring here a model with intrinsic axial symmetry, we shall let the magnetic quantum numbers be the key to the definition of the multiple surfaces V(vr; {$}). We shall consider configurations in which all magnetic quantum numbers are frozen. The symbol m will then stand for a set of numbers {g }, g being the number of particles with magnetic quantum number m; and we further assume that for each m, the g occupied levels are the lowest.
In an axially symmetric framework this procedure defines an infinite family of mutually nonintersecting potential surfaces V({g };{$}), where we clearly have FIG. 15. The variation of V (LDM; P) (solid curves) and V(SIPM; P) (dashed curves) for 40, 92, and 130 particles of a kind, as a function of the fractional mass of one of two tangent spheres. Note the "shell effects" which are quite striking. The shapes are held 6xed even though the number of particle varies, and the ordinate is given in arbitrary units. = total number of particles.
The potential surface with which we shall be primarily concerned, other than the I.DM surface, is that which retains the magnetic quantum numbers of an initial spherical configuration; we shall refer to it as SIPM. This is physically significant since the sphere does represent an actual metastable starting point of the fission process. Again we start by looking at the configuration composed of two tangent spheres with a constant combined volume. The abscissa gives the fraction volume in the smaller sPhere, with P=s corresponding to two equal spheres, and p=0 to a single sphere. In Fig. j .5, a series of curves, for various total particle numbers (again keeping the volume fixed), gives both V(LDM; ff}) and V(SIPM; f(})
as a function of the parameter P. Figure 15 displays some important, . characteristics. As the definition trivially implies, the SIPM values are always larger than or equal to the LDM ones. For each total number of particles 2, there is a minimum value P; (A) under which the'diGerence of the two is zero, and over which it monotonically increases with p. This minimum value is itself a monotonically decreasing function of A.
Namely, the larger the total number of particles, the more asymmetric is the two-sphere configuration at which the SIPM potential energy begins to diGer from the LDM one. This, of course, will also hold for more between the two curves and we normalize all curves through division by a constant proportional to E I'.
The results are shown in Fig. 16 , where one clearly sees the shell eGects superimposed on the general trend of the curves as described above.
Ke may gain further insight into the properties by considering the electrostatic term in the two tangent sphere configuration as well. %e write schematically
where i is a constant proportional to the Gssionability parameter. For i=0 we may replace 6V by a function which is rigorously monotonic in p, and then the SP of V(SIPM; f$}) will coincide with that of V(LDM; f$}1, but it will be higher by the amount 8 V at the SP. As i becomes larger than zero, the SP becomes truly a saddle point in the sense of the above definitions, and the eGect of d, V which has a nonvanishing derivative at P=0. 5, is to shift it towards smaller values of p (and asymmetry). Clearly, at the same time the true SP will no longer be on the two-sphere configuration subspace. As p becomes closer to unity, the SP of the LDM potential (exclusive of DVf SIPM-LDM$) approaches the one-sphere configuration. But for this configuration, as we saw, hV is negligible, and hence the SP for V(SIPM; f)}) becomes symmetric once again. The dynamic Consequences, however, of the SP symmetry are not quite as clear for P 0.5 as they are for P 0, because in the first case the two fragments are hardly defined at the SP configuration.
Results pertaining to these functions (which are a priori not necessarily constant) are schematically presented in Figs. 17 and 18. As we mentioned, these figures clearly demonstrate that there exists a fairly good constant Cz M which is largely independent of the nuclear shape and of the type of shape variation causing the change in the nuclear surface area. This C8 M is naturally identified with the one taken over from the semiempirical mass formula. On the other hand, the SIPM types display a much more elaborate structure of the surface constant, particu'arly where the asymmetry parameter is involved. The surface constants associated with all modes are of the same order of magnitude as C8 M, except for the asymmetrizing mode, for which it is much larger. As is apparent from applying the perturbation on the SP, and as we have a.lready noticed. The transition from the LDM to the SIPM surfaces thus has the basic effect of shifting the saddte point shape from -symmetry to asymmetry. At the same time, of course, the other coordinates will change slightly, but this, we feel, is a second-order efFect, While the SIPM SP shape is asymmetric, the fission barrier it predicts is higher than the one predicted by the LDM. In Fig. 20 , we plot the ra6o of the two as a function of the 6ssionability parameter.
It is a rather strong function of x, corresponding to the fact that the lower x, the more particles have to be rearranged to derive the SIPM level occupation from the LDM one. For values near 1, they are identical, because the SP shape is close to the sphere for which the lowest levels and those originally occupied do in fact coincide.
One need not go into detailed dynamic calculations to see the significant implications of these last two figures for the understanding of the mass division in fission, and its dependence on the fissionability parameter. Clearly, the eventual mass division is determined by the relative importance of the SIPM and LDM surfaces. There necessarily is coupling between the two, going through intermediate stages, which will bring about the so-called "slippage" of the system across the surfaces (sr; {f}). Assuming an initial spherical potential, the nucleonic spatial eigenfunctions are characterized by the quantum numbers e, 1, m, y"I"= I'"I (r) P"I (cosi/) e'™~. Under reRection E"~~~and 8~-8, so 
where the summation extends over all partitions of the A-nucleon system into an A+-and an A -nucleon subsystem. Clearly, therefore, the eGect of the spin-orbit coupling is to introduce an intrinsic width into the mass distribution. Applying the central limit theorem to this distribution, we rewrite it as Fio. 21. The theoretical mass-yield distribution for the spontaneous fission of Cf"', and the experimental data (uncorrected for prompt neutron emission). The circles and triangles represent light and heavy fragments, respectively. A prolate deformation with a major to minor axis ratio of 1.4 is assumed.
+ "L-(2r) |(A (A ))2]I (66)
The function f(Z&, Az) has to be calculated numerically from the potential-energy surface. Figure 21 shows a typical mass yield distribution obtained for the spontaneous fussion of Cf'".
The arguments which led to the A+/A rule of thumb apply also to the neutrons and to the protons separately. Thus, the total charge distribution is given by theory we can write the average occupation of a single particle at energy e, as a function of energy n(e, E). 
D(Eq, E) is related to the density of states of the whole system at excitation energy E"p(E, ) through 21+1 l -es ! Using spherical coordinates we put dV=r dr sly' it%(pP "g"=f"( (r) P"'(c 8o) se'"& with the integration extending over 0&r&E, (82) (») (84) P"'(h)P"" (h) Ch + P '(h) P "(h)dh 0 P '( h)P "( -h)ChHence, the integral (81) separates as follows: f"; (r)f;p(r) r'dr w jo P"'*(cos8) P P (cos8) sinzMz9 X expLi(m -m') q $dq . (35) The azimuthal integration over p yields 2+8 . , and we are left with a product of an angular integral and a radial integral. 
where k"is the wave number such that J~+Uo(k R) =0.
(814) For I=i' we may use the following relation:
For the general case, l/l we utilize the explicit expansion of the Bessel function P . . y m+1/2 y2m+5/2~~' ye+1/2+2(n-1) = 0 'CQ+2 gJ B(g)x-g C"(E"-q) e", (D14) P . . y sn+I/2 y en+5/2~.~y m+1/2+2(n -1) i0+nj n n n and generally N B" (q) X-g C"(E"s) -e".
-
where r"is the r value of the row i =io+v. The closer E to its actual value, the lower need P be in comparison with A. . It is possible in practice to device criteria for the relative application of the various B(E ). However, for all small n, we also have (D20) These divided into two basically different parts: Evaluation of single-particle energies and computation of Coulomb self-energy integrals. Both are further combined to generate the potential energy surfaces whose properties (and in particular the SP shapes) are investigated.
Accuracy is basically achieved and controlled by a procedure of successive re6nements of the grid, as described in Appendix D, and extrapolating hyperbolically to zero mesh size. An example for such a procedure, which illustrates the dependence of the calculated eigenvalues on their quantum numbers and the grid 6neness, is given in Table VI . The extrapolated values are also quoted. We note the eventual deterioration of the quality of the calculation with the increase of the principal quantum number. Nevertheless, we note that differences between related eigenvalues are reproduced better than the eigenvalues themselves.
As a test case for which all the exact eigenvalues are known precisely independently, we take the sphere.
In Table VII 
